Abstract Stationary solutions on a bounded interval for an initial-boundary value problem to Korteweg-de Vries and modified Korteweg-de Vries equation (for the last one both in focusing and defocusing cases) are constructed. The method of the study is based on the theory of conservative systems with one degree of freedom. The obtained solutions turn out to be periodic. Exact relations between the length of the interval and coefficients of the equations which are necessary and sufficient for existence of nontrivial solutions are established.
profile one must set certain boundary conditions, for example, u x=0 = u x=L = u x x=L = 0 (see [11, 7, 5, 8] and others).
It follows from the results of [9] that such a problem for KdV equation possesses certain internal dissipation: under some relations between a and L and sufficiently small initial data solutions decay at large time. Similar properties hold for mKdV equation. In order to answer the question if the smallness is essential one has to construct non-decaying solutions. The simplest case of such solutions are stationary solutions: u = u(x). In this situation the considered equations are reduced to the following ordinary differential equations:
and the boundary conditions -to the following ones:
The goal of the present paper is to investigate existence of nontrivial solutions to these problems under different relations between a and L. The method of the study is based on the qualitative theory of conservative systems with one degree of freedom (see, for example, [4] ).
The first example of such a solution by this method for equation (1) was constructed in the case a = 0, L = 2 in [10] . In recent paper [6] also for equation (1) such solutions were constructed for a = 1 and L ∈ (0, 2π) and exact formulas via elliptic Jacobi functions were obtained. In the present paper these special functions are not used.
is a solution to any problems (1) , (4) , or (2) , (4) , or (3), (4) , then it is infinitely smooth and periodic with period L.
Proof. Integrating each of the equations (1)- (3) we obtain that the function u satisfies an equation
Following [4] introduce a "full energy" (2) , (4) with the fundamental period T = L/n. In particular, nontrivial solutions to problems (1) , (4) and (2), (4) (1) 
, while in the case of equations (2) and (3) 
4 a these equations transform respectively to the following ones:
and consider periodic solutions to these equations with the fundamental period T = 2 such that
We apply the following lemma in the spirit of the qualitative theory of conservative systems with one degree of freedom.
Lemma 2. Consider an initial value problem
where 
Proof. First of all note that similarly to (5)
is a solution to problem (10) . Due to uniqueness of solutions to the initial value problem the condition F ′ (0) = 0 is necessary for existence of nontrivial solutions.
Consider, for example, the case F ′ (0) < 0. If the function F is negative ∀y > 0 then it is easy to see that there is no periodic solution to problem (10) . Therefore, existence of positive y 0 such that F(y 0 ) = 0, F(y) < 0 for y ∈ (0, y 0 ) is necessary.
Uniqueness of the solution implies that the function y(x) is even (if exists). Then it is easy to see that it possesses the following properties:
Therefore, for x ∈ [0, 1] the function y(x) satisfies the following conditions:
Integrating we obtain that
It is easy to see that under these assumptions the desired solution exist. The case F ′ (0) > 0 is considered in a similar way (then y 0 < 0). ⊓ ⊔ Now we can prove our theorems. (6) is equivalent to equation
Proof (Theorem 1). Equation
for certain real constant c. Therefore, construction of a solution transforms to search of a constant c such for a function
the hypothesis of Lemma 2 is satisfied. Note that F ′ (y) = 
It is easy to see that if c > 0 then for any b the root y 0 > 0, F(y) < 0 for y ∈ (0, y 0 ),
Therefore, we have to find the constant c for which condition (11) is satisfied. Note that −2F(y) = 1 3 y(y 0 − y)(y − y 1 ).
After the change of variable y = y 0 t each of equations (11) reduces to an equation
Since 
I(b, c)
Therefore, the desired value of c exists and is unique if b = π 2 , while for b = π 2 such a value does not exist. ⊓ ⊔ Remark 2. The substitution u(x) = a 0 + v(x − x 0 ) under the appropriate choice of the parameters a 0 and x 0 transforms any periodic solution of equation (1) with the period L to solution of an equation
Therefore, any solution of equation (1) with the fundamental period L can be expressed in this way by the functions u a+a 0 ,L . Solutions similar to functions u a,L were considered also in [13] . In [2] representation of periodic solutions of equation (1) is given via elliptic Jacobi functions. The advantage of our approach is that it can give transparent description of solutions.
Consider, for example, the case b > 0. Then for b ∈ (0, π 2 ) the constructed solution of problem (6), (9) is an even "hill" of the height y 0 = (4) is a "hill" of the height u 0 > 0 and for L > 2π/ √ a -a "hole" of the depth u 0 < 0 (the center in both cases is at the point L/2).
Proof (Theorem 2)
. Equation (7) is equivalent to equation
for certain real constant c. Let
Note that the substitution z(x) ≡ −y(x) leads to an equation similar to (13) , where c is replaced by (−c). Therefore, further it is sufficient to assume that c > 0 (if c = 0 then F ′ (0) = 0). Similarly to the proof of Theorem 1 we need to find the roots of the function F 0 . We apply Cardano formulas. Let D = 8b 3 + 36c 2 ,
The After the change of variable y = y 0 t first equation (11) reduces to an equation
It is easy to see that for the fixed b the function y 0 (c) monotonically increases and y 0 (c) → +∞ as c → +∞ (note that y 0 = 8|b|cos 
Hence, the desired positive value of c exists and is unique if b < π 2 , while for b ≥ π 2 such a value does not exist. ⊓ ⊔
Proof (Theorem 3)
. Equation (8) is equivalent to equation
As in the proof of Theorem 2 consider only the case c > 0. Again apply Cardano formulas. Let D = −8b 3 + 36c 2 , After the change of variable y = y 0 t first equation (11) (2) and (3) were considered in the case when the constant c = 0 in equations (13) and (14). Therefore, the periodic solutions constructed in the present paper do not coincide with solutions from that papers.
